We consider infinite horizon fractional variational problems, where the fractional derivative is defined in the sense of Caputo. Necessary optimality conditions for higher-order variational problems and optimal control problems are obtained. Transversality conditions are obtained in the case state functions are free at the initial time.
Introduction
Fractional calculus, that is an extension of ordinary calculus, deals with derivatives and integrals of real or complex order. When such order is an integer number, we have the usual higher-order derivatives and multiple integrals. In literature we can find several distinct definitions of fractional derivatives and fractional integrals, however the main ones are the Riemann-Liouville and Caputo definitions. In the paper we consider variational and optimal control problems, with dependence of Caputo fractional derivative. Necessary optimality conditions will be proven, with or without restrictions at the initial time t = a.
Infinite horizon variational problems are a very important issue, e.g., in economics and biology, where we are interested to study a phenomena that spreads along time and not only on a finite interval [a, b] . We can mention here [7, 11] , which deal with ordinary derivatives, [9, 10] with a time scale approach, [5, 6] for a modified Riemann-Liouville fractional derivative and [3] dealing with the basic problem of the fractional variational calculus. The left and right Riemann-Liouville fractional integrals of order α are defined, respectively, by
Preliminaries of fractional calculus
The left and right Riemann-Liouville fractional derivatives of order α are defined, respectively, by
For a negative real β, we use the standard convention D β := I −β . The left and right Caputo fractional derivatives of order α are defined, respectively, by
Conditions over x to ensure the existence of such fractional operators may be found in e.g. [8] . In the following it is understood that those assumptions are satisfied.
Several properties suggest that in some cases Riemann-Liouville derivative is more appropriate, and in others Caputo may be better. For example, the Laplace transform of the Riemann-Liouville derivative depends on fractional operators, while the Laplace transform of the Caputo derivative depends on integer derivatives (cf. [8] ):
and
So, Caputo operators may have some advantage according to physically interpretable initial conditions cf. ( [12] ). One crucial result when dealing with variational problems is an integration by parts formula, and for the Caputo fractional derivatives is the following rule (cf. [1, 2] ). 
The variational problem
In this work we are intend to extend the main result of [3] , by considering variational problems with higher-order fractional derivatives and the fractional optimal control case.
Higher-order variational problem
The first problem that we address is the higher-order variational problem. Let m ∈ N, and for each n ∈ {1, 2, . . . , m}, α n ∈ (n − 1, n) is a real. Also, for simplification, we denote by the bracket
The problem is the following: maximize the functional
We are assuming that the function
we mean the partial derivative of L with respect to the i-variable, evaluated at [x](t). We also assume that
, for all n ∈ {1, . . . , m}. Since we may have some problems with convergence of the integral in (1), we must be careful when defining maximal trajectories for J. We follow the most common definition in literature [4] . Definition 1. We say that x is a weakly maximal of the functional (1) if
In the sequel we will use the following lemma (see [3] ).
Lemma 1. If g is continuous on [a, +∞) and
We remark that the lemma still holds if boundary conditions are imposed on the initial time t = a. Theorem 2. Let x be a weakly maximal to the functional J as in (1), under the restriction
Suppose that
3. For every T > a, T > a, and ∈ R \ {0}, there exists a sequence (A( , T n )) n∈N such that
Then x is a solution to the fractional Euler-Lagrange equation
for all t ≥ a and for all T > t, and satisfies the transversality conditions for all n ∈ {1, . . . , m}
Proof. Observe that V is a nonpositive function and V (0) = 0, and so V (0) = 0. Using the hypothesis of the theorem, we deduce the following
Now, using the fractional integration by parts formula and rearranging terms, we get 0 = lim
We recall that by the boundary conditions imposed on the problem, the variations η are such that η (n−1) (a) = 0, for all n = 1, . . . , m. In order to obtain the Euler-Lagrange equation, we restrict to those variations such that η (n−1) (T ) = 0, for all n = 1, . . . , m, and get
Therefore, by Lemma 1, we have
Thus it follows that
Consider variations of the kind η ≡ 0 on [a, a + r] and η ≡ const = 0 on [a + 2r, +∞), for some fixed r > 0. For such variations, we obtain
Repeating the process for appropriate variations, we deduce the remaining transversality conditions.
The general case, where no constraints are imposed over the initial time t = a, is considered next. The proof is similar to the one of Theorem 2, but now the variations are such that η (n) (a) may take any value, for all n ∈ {0, 1, . . . , m − 1}. For such reason, we obtain m transversality conditions evaluated at t = a.
Theorem 3. Let x be a weakly maximal to the functional J as in (1) . Let A( , T ), V ( , T ), V ( ) be as defined in Theorem 2, and fulfilling the same assumptions of the Theorem. Then x is a solution to the fractional Euler-Lagrange equation
(t)) = 0 at t = a and t = T .
Optimal control problem
We now consider a more general case, when the Lagrangian depends on a control given by dz dt = g(t) with the initial value z(a) = 0. Let α ∈ (0, 1) and define [·] and {·} by
The objective is to determine conditions for maximizer of the functional
where we understand maximizers in the sense of Definition 1 with the adequate adjustments.
Theorem 4. Let x be a weakly maximal to the functional J as in (2), under the restriction x(a) = x a . Given a function η ∈ C 1 [a, +∞) and ∈ R, define
V ( , T ) exists uniformly for ;
for all t ≥ a and for all T > t, and satisfies the transversality condition
Proof. Following similar arguments as the ones exemplified in the proof of Theorem 2, we arrive to
Using the following relations R1 :
we obtain
Since η(a) = 0 by the boundary condition over t = a, and restricting to variations such that η(T ) = 0, by Lemma 1, we deduce the fractional Euler-Lagrange equation. Therefore, the transversality condition must be also satisfied. 
Example
We provide an example for Theorem 2. Let 
